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A chain conformation space path integral theory is implemented to study the statistics of inhomogeneous polymers randomly 
constructed from two different kinds of monomers. A replica approach analogous to that used in spin glass systems is adopted to 
average over the quenched randomness. A perturbative analysis requires mixed propagators coupling identical replicas of an arbitrary 
sequence of monomers, Making use of these effective propagators we estimate the effect of the quenched disorder on intra-chain 
interactions and calculate the asymptotic behavior of the system in the limit of very large chains. This thermodynamic limit is 
analyzed comparing the effective Gibbs measure determined by the effective Hamiltonian with the Gibbs measure for a homogeneous 
polymer system where the intra-chain interactions correspond to the averaged interactions of the original system. 

1. Introduction 

The process of averaging over the quenched 
disorder is a problem under active research, par- 
ticularly in the context of spin glasses [l]. The 
existence of a built-in quenched disorder de- 
termines the breakdown of the ergodicity of the 
system. A similar situation takes place in dynamic 
critical phenomena when the onset of a center 
manifold produces a contraction of the phase space 

PI. 
Linear polymers randomly constructed from 

two kinds of monomers, X and Y, with short-range 
intra-chain interactions constitute an example of 
quenched disorder. Each X-Y sequence is equiv- 
alent to a realization of the random variable s(x), 
where x is a contour variable indicating the posi- 
tion in the chain, x = OJ,. . . , N; i.e., s(x) = + 1 if 
the x-th monomer is X and S(X) = - 1 otherwise. 
For a fixed position in the chain, s(x) can take 
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the values fl with equal probability. 
The averaged free energy of the system is pro- 

portional to the average of the quantity In Q over 
the ensemble of realizations of s(x) with Q = 
Q(s(x)) being the partition function. One of the 
aims of this paper is to calculate this average by 
means of the so-called replica trick [l]. In doing 
so, we shall make use of the analbgy between 
disordered polymers and spin glasses [3]. Before 
giving an outline of the procedure some observa- 
tions are in order. 

For L a positive integer, let Q(L) denote the 
partition function for L identical replicas of an 
arbitrary X-Y sequence. Then, Q(L) can be writ- 
ten as follows: 

L 
Q(L) =p;lQ, (1) 

with QP determined by a Hamiltonian H, involv- 
ing exclusively the replica indexed by the specific 
value of p. On the other hand, we have 

L 

(Q(L)) = n Qrff.a 
CT=1 

(2) 
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where ( ) represents the average over the ensem- 
ble of realizations of s(x) and the effective Ham- 
iltonian H,,, u couples identical replicas labelled 
by the different subindices. The partition function 
Q eff.a corresponds to a virtually homogeneous 
polymer and does not contain any disorder. It will 
be evaluated making use of a perturbative method. 
More specifically, we shall find to first order (a 
valid approximation near the B point): 

Qerf = Q’“’ + Qb::, + Q:::, 
with 

(3) 

Q = Q(O) + Q$‘) + Q:” + . . . (4) 

The term Q(O) corresponds to a free propagator 
with a Hamiltonian consisting only of the elastic 
energy contribution. The first-order terms Q$i) 
and Qg”’ correspond to the two- and three-body 
short-range interactions, respectively. The terms 

Q (I) eff.2 and Q$, are the effective first-order contri- 
butions and involve the coupling of identical repli- 
cas of the system. The mixed propagators associ- 
ated with such terms will be evaluated explicitly. 
Once (Q(L)) has been defined for integer L, it 
can be analytically extended for L taking real 
positive values [l]. 

From the relation: 

exp(L lnQ)=QL=Q(L)=l+LInQ 

( L small real number) 

we derive the following equation: 

(5) 

(In Q> =)F~$((Q(L)) - 1) 

This relation is obviously useful in order to com- 
pute free energies and to study the distribution of 
conformational averages over the ensemble of 
realizations of s(x). 

2. Explicit evaluation of the effective propagators 

The bare coupling variable u( x, x’) correspond- 
ing to the short-range two-body interactions X-X, 
X-Y and Y-Y must take three possible values. In 
order to define this variable we shall consider a 
continuous counterpart of the stochastic process 
s(x): 

(s(x)s(x’)) =S(x -x’), (s(x)) = 0, 

X~[O,Nl (7) 

Thus, u(x,x’) is defined as follows: 

(8) 

where A and B are bare constants and u denotes 
the bare Flory two-body interaction constant. We 
are interested in a regime corresponding to a 
neighborhood of the theta point, i.e., u = 0. The 
propagator method holds in this regime. 

We shall discretize the domain of the contour 
variable by introducing an arbitrary partition of 
the interval [0, N]. This discretization, designated 
as P,, is given by: 

P, = { r,,r,,r* ,..., r,_,,r,} with q= r(_iN/M) 

(9) 

The partition function for the system is given by: 

where: 

(11) 

,f u(iN/M,jN/M)k,r, 
I,/=0 

(12) 

The Kronecker symbol is defined as follows: 

4,r, = 
+1 for ri= 5 

0 otherwise 
(13) 

The constant C represents the bare three-body 
short-range interaction Flory parameter. We shall 
implement a field theoretical formalism. This 
requires including a virtual field f(R) controlling 
the endpoint position of the random coil and 
taking the limit f= 0 in the derivatives of the 
partition function and its logarithm with respect 
to j. Making use of the path-integral formalism, 
the Hamiltonian for the random coil reads: 

H+ NdX!!? + NdX J J N 
ax* 0 

dx’u(x,x’) 
a 

x&(r(x) -r(x’)) 
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x8(r(x’) -r(C))] 
+ dRf(R)G(r(N) -R) I 

H( r( x)) = zrn,krM 

Assuming that there exists a measure m(r(x)) in 
conformational space, the partition function Q 
can be represented as follows: 

Q=J dm(r(x)) exd-H(r(x)) 
r(O)-O,r(N)=R 

(16) 

It can be readily verified that 

6 In Q 

V(R) f=O 
2(r(h’) -R) (17) 

That is, the functional derivative represents the 
Green function G(R). The bar above a quantity 
indicates thermal or statistical average, i.e., the 
average for all the conformations for a given X-Y 
sequence. Note that G(R) depends on the specific 
realization of s(x). The first-order contributions 
to Q are given by [4]. 

Q$r’= -~Rdr~~dx’~~‘dxGo(r,x)Go(O:x’-x) 
0 

XGO(R-r,N-x’)u(x,x’) (18) 

Q$” = -CjoRd~~Ndx”~~“dx~~~‘dxGo(r.x) 

xG,(O,x' - x)GO(Otx" - x’) 

xGo(R-r,N-x”) (19) 

Where Go(r,x) is the free propagator correspond- 
ing to a Hamiltonian 

He= lim HL (20) 
M-CC 

On the other hand, we have 

(Q(L)) = 2~~ j- ii fi dra;S(rao)S(ra, - R,) 
n=l i=O 

(21) 

where 

This gives: 

dNdx’lNdx[; +F(x’)]G(r(x) -r(x’)) 

= two-body effective interaction term (23) 

F(i) = $ i INdx”G( r@(x) - ra(x”)) 
p=1 Q 

(24) 

Therefore, the effective first-order contribu- 
tions are: 

u-t 3A2 c Gao(r,x’) 
B+a 

x GBo(O,x" - x')Gso( R - r,N - x”) 1 
X [Gao(rrX)Gao(O,x’- x) 

XG,,(R-r,N-x’)] (25) 

/ 

x’ 
X dxG,,(r,x)G,,(O,x’ - x) 

0 

xG,~(O,X”- x’)G,,( R - 

Now we can determine the effective 
constants: 

r,N-x”) 

(26) 
interaction. 

M a h{ fiQJ@)) 
u,,,-u+2A2 lim c 

M-m j_o af(R,=R=O) 

(27) 

u&=u+K(N) (28) 
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and 

C,,, = C - 3A2 (29) 

The effective Hamiltonian is defined as the limit 
as M goes to infinity of HcffM which is given by: 

erfM =H.L + 5 H 
i.i=o 1 

-f(rM) (30) 

Making use of these results, we can evaluate the 
distribution of thermal averages over the ensemble 
of X-Y sequences and calculate the effect of the 
quenched disorder in the thermodynamic limit, 
i.e., when N tends to infinity. 

3. Gibbs measure associated with the effective 
Hamiltonian 

We shall now concentrate on the calculation of 
the variance of the thermal average z. This quan- 
tity is given by 

$‘= _a’so 
aP2 p=o 

(31) 

where g(p) is the Fourier transform of the Green 
function in momentum space. 

The variance is given by 

v(Z) =( (Z- ([7is]))‘) = v 

v= fl a’@ Q) R%f(R.,af(R,) /=. dRa dRg 

(32) 

(33) 

In order to calculate eq. 33, we shall make use of 
the replica trick, as given by eq. 6. Considering 
only the first-order contributions given by eqs. 25 
and 26, a straightforward calculation gives: 

v= &N~A’(*~ + 4n3) 

In order to evaluate the effect of the quenched 
randomness in the thermodynamic limit, we first 
observe that Heff contains no disorder and, there- 
fore, it can be compared with Whom, the Hamilto- 
nian for a homogeneous polymer. Let Hhom = 

Hhom(u,C) be defined as the Hamiltonian for a 
homogeneous polymer with two and three bare 
interaction constants equal to the average values 
for the ensemble of disordered polymers and the 
same elastic term. Then, the distance between the 
two Hamiltonians is given by the Kakutani dis- 
tance which is given by [5,6] 

d= 4Heff.Hhom) = I- e 
[Q,,,Q~,, ]‘I2 (35) 

This is a well-defined distance as can be readily 
verified by the reader. Q is the partition function 
for the average Hamiltonian g = l,/Z[ H,, + Hhom] 

and Qeff ad Qhom those associated with II,,, and 
H ,__,,.,,, respectively. The natural problem which 
arises is: What is the behavior of d near the 
thermodynamic limit? This question can indeed be 
answered, at least to a first approximation. The 
first-order contributions to Qhom are given by: 

Qi’d,,, = - joRdriNdx’Sbl’dxuG, (r,x) 

xGo(O,x’-x)G,,(R-r,N-x’) (35) 

Q (1) 
horn.3 

c Q$” (36) 

The computation of the first-order contribution 
for 3 is entirely analogous to that for Q,,,. Fi- 
nally, we obtain: 

d= I - [t + (exp(K(N)) + exp(-K(N)))-1]1’2 

(37) 

Therefore, the two Gibbs measures are never con- 
centrated on disjoint sets. The Kakutani distance 
d represents the effect of the quenched random- 
ness and it tends asymptotically and from below 
to the limit value d, = 1-2-‘/2 as we approach 
the thermodynamic limit. 
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